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Non-thermal quantum phase transitions
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We report a kind of quantum phase transition which takes place in isolated quantum systems
with non-thermal equilibrium states and an extra symmetry that commutes with the Hamiltonian
for any values of the system parameters. A critical energy separates two different phases, one in
which the symmetry is broken. This critical behavior is ruled out as soon as the system is put
in contact with a thermal bath. The critical point is crossed when a sufficent amount of work is
performed on the system, keeping it isolated from the environment. Different phases are identified
by means of an order parameter, which is only different from zero in the symmetry-breaking phase.
The behavior of the system near the critical point is determined by a set of critical exponents. We
illustrate this phenomenon by means of numerical calculations in three different two-level systems.
PACS numbers: 05.30.Rt,05.30.-d,64.60.F
Introduction.- Temperature is the fundamental mag-
nitude in equilibrium thermodynamics. Even for iso-
lated systems, all the thermodynamical information can
be written in terms of the microcanonical temperature
T = (k∂S/∂E)
−1
. For example, a phase transition hap-
pens when the behavior of the system abruptly changes
at a certain critical temperature, no matter whether the
system is isolated or in contact with a thermal bath.
Notwithstanding, during the last couple of years a num-
ber of isolated quantum systems with non-thermal equi-
librium states have been observed [1–3]. It has been
theoretically proved that a final equilibrium state ρeq
is always reached after a sufficently long-time evolution,
meaning that for almost any reasonable operator A, the
time-dependent expected value 〈Ψ(t)|A |Ψ(t)〉 remains
close to Tr [ρeqA] for the majority of times, independently
of the initial condition |Ψ(0)〉 [4]. However, in this kind
of isolated quantum systems, the equilibrium state keeps
large amounts of memory of the initial condition, stored
in a set of extra constants of motion, and thus it has a
non-thermal nature (see [5] for a recent review).
In this Letter we report a kind of quantum phase tran-
sition due to this non-thermal behavior. In a class of
quantum systems with a global and discrete symmetry
S, a transition from a symmetry-breaking to a normal
equilibrium state is observed at a certain critical energy
Ec, provided that this symmetry is broken in the initial
state. When this happens, and if the system stays iso-
lated and recives some energy in form of work, the set of
extra constants of motion determines whether the sym-
metry S remains broken or is restored after a sufficently
long-time evolution. If some additional conditions are
fulfilled, this implies the existence of two different phases,
separated by a critical energy Ec and characterized by
an order parameter, which is only different from zero in
the symmetry-breaking phase. Moreover, the behavior of
the system around the critical energy is determined by
a set of critical exponents, which can be used to classify
these quantum phase transitions in different universality
classes.
Nature of the quantum phase transition.- The requi-
sites for this quantum phase transition are the follow-
ing. First, a global and discrete symmetry S which com-
mutes with the Hamiltonian for any values of the sys-
tem parameters, [H(λ), S] = 0, ∀λ. Second, a standard
quantum phase transition (QPT) happening at T = 0
for a certain critical value λc, that distinguishes between
two phases: one disordered and gapped, and the other
ordered and gapless, in which the symmetry S can be
broken. Finally, an excited-state quantum phase transi-
tion (ESQPT) in the ordered phase, which divides the
spectrum in two different regions: one with degenerated
eigenvalues in which the symmetry S can be broken, and
another in which there are no degeneracies. This kind of
ESQPT have been recently studied in the Dicke model
[6], and similar ones have been reported in a number of
models, covering quantum optics, molecular, atomic and
nuclear physics [7–11].
Let’s consider an isolated quantum system that fulfills
all the previous requisites. Suppose that the symmetry
S is broken by the action of a tiny external perturbation
ǫV , so that the double-degenerated ground state is split-
ted into a doublet, one level characterized by 〈V 〉 = η,
and the other by 〈V 〉 = −η. The same structure is prop-
agated to the excited states up to a certain critical en-
ergy Ec, above which the degeneracies are broken and
all the eigenstates have a well-defined value of S (a di-
agram is plotted in Fig. 1). Now, freeze the system up
to its ground state, the lowest of the two levels of the
doublet. Finally, give to the system some amount of en-
ergy. If some heat is transferred by putting the system
in contact with a thermal bath at temperature T , the
conserved quantities of the Hamiltonian H are ruled out,
and its eigenstates become populated according to the
Boltzmann factor exp(−βH)/Z. This is sketched in left
part of Fig. 1. On the contrary, if the energy is given
2in form of work, keeping the system isolated from any
environment, the occupations of the eigenstates are de-
termined by the extra conserved quantities; a situation
like the one depicted in the right part of Fig. 1 occurs
in the models considered below [12]. The differences be-
tween both cases are clear. In the former, both levels of
every doublet become occupied very approximately with
the same weight for any T > ǫ; thus, the average of every
symmetry-breaking observable is zero, the symmetry S
is restored and no phase transition is observed. On the
other hand, if the scenario depicted in right part of Fig.
1 holds, the averages of V and other observables which
break the symmetry S are different from zero. But this
only happens below the critical energy. For E > Ec, all
the eigenstates have well-defined values of S, so what-
ever their occupations in the final equilibrium state are,
the average of any symmetry-breaking observable is zero.
Therefore, the critical energy Ec separates two different
phases, for which the nature of the equilibrium state ρeq
is qualitatively different.
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FIG. 1. Diagram illustrating the non-thermal nature of the
quantum phase transition. Below Ec, red (green) lines repre-
sent symmetry-breaking energy levels with 〈V 〉 = η (〈V 〉 =
−η). Above Ec, blue (magenta) lines represent levels within
positive (negative) subspaces of S.
Physical models.- We study this non-thermal quantum
phase transition in three different two-level models, for
which the symmetry S is linked to the parity of the occu-
pation of one of the levels. In all the cases, the symmetry
is changed just by promoting one particle from the lower
to the upper level (or vice versa), so it is easy to see
why a small thermal fluctuation breaks the symmetry
and prevents the ocurrence of this phase transition.
The two-mode Bose-Hubbard model (BH) describes a
Bose-Einstein condesate in a double-well potential [13]
H = −J
(
a†LaR + a
†
RaL
)
+
λ
2N
[nˆL (nˆL − 1) + nˆR (nˆR − 1)] ,
(1)
where nˆL (nˆR) is the number operator, a
†
L (a
†
R) and
aL (aR) the usual creator and annihilation operators for
atoms at left (right) side of the well, and N = nˆL + nˆR.
The symmetry S reflects the invariance under the in-
terchange between left and right wells. Introducing
c†0 =
(
a†L + a
†
R
)
/
√
2 and c†1 =
(
a†L − a†R
)
/
√
2, S is the
parity of the number of c0 bosons, S = exp
(
iπc†0c0
)
.
The Lipkin-Meshkov-Glick model (LMG) [14] de-
scribes the interaction between two kinds of scalar bosons
s and t bosons of opposite parity,
H = λt†t+
1− λ
N
(
s†t+ t†s
)2
, (2)
where s† and s are the usual creator and anihilation op-
erators for s bosons; t† and t, the same for t bosons, and
N = s†s + t†t is the total number of particles. S is the
parity of the number of t bosons, S = exp
(
iπt†t
)
.
The Dicke model (D) [15] describes the interaction be-
tween a set of two-levels atoms and a single-mode radia-
tion field,
H = ω0Jz + ωa
†a+
2λ√
N
(
a† + a
)
Jx, (3)
where a† and a are the usual creation and annihilation
operators of photons, ~J = (Jx, Jy, Jz) is the angular mo-
mentum, with a pseudo-spin length J = N/2, N is the
number of atoms, ω is the frequency of the cavity mode,
ω0 the transition frequency, and λ the coupling parame-
ter. In this case, S = exp
(
iπ
[
J + Jz + a
†a
])
[16].
All these three models manifest both QPT and ES-
QPTs. The critical energy Ec can be estimated by means
of a semiclassical approximation, and lies on Ec = −J for
D [6, 11], Ec = 0 for LMG [10], and Ec = −λ/4 + 1 for
BH [17]. It is worth to mention that both BH and LMG
have just one semiclassical degree of freedom, and thus
they are semiclassically integrable. However, D has two
semiclassical degrees of freedom and exhibits quantum
and semiclassical chaos [16, 18]. Therefore, albeit BH,
LMG and D are two-level models, they display different
dynamics and can be classified into different classes.
Equilibrium state and order parameters.- To charac-
terize the quantum phase transition, we need observ-
ables O for which 〈Eiα| O |Eiα〉 = 0, where |Eiα〉 de-
notes an eigenstate with energy Ei and a definite value
of the symmetry S; so if Tr [ρeqO] 6= 0, the symme-
try S is broken in the equilibrium state. We choose
Z = nˆL − nˆR = c†0c1 + c†1c0 for BH, s†t + t†s for LMG,
and Jx for D. In all the cases, O changes a particle from
one level into the other. To study the behavior of the
equilibrium states, we rely on the following protocol:
3i) Start from an initial state |Ψ(0)〉 which is the
symmetry-broken ground state of the Hamiltonian H(λi)
in the ordered phase, at a certain initial value of the cou-
pling constant λi. We choose coherent states, which give
an accurate description of the ground state in the ther-
modynamical limit
|Ψ(0)〉BH = e
√
N(γ0a†L+γ1a
†
R) |0〉 , γ20 + γ21 = 1; (4a)
|Ψ(0)〉LMG = e
√
N
1+β2
(s†+βt†) |0〉 ; (4b)
|Ψ(0)〉D =
eν
2/2
(1 + µ2)
J
eµJ++νa
† |J,−J〉 ⊗ |0〉 . (4c)
ii) Carry out a quench λi → λf . This entails to per-
form a work 〈W (λi, λf )〉 over the system.
iii) Let the system evolve under the final Hamiltonian
H(λf ) until it reaches the final equilibrium state ρeq. As
it is pointed in [4], for any observable A
Tr [ρeqA] = 〈Ψ(t)|A |Ψ(t)〉 ≡
≡ lim
T→∞
1
T
∫ T
0
dt 〈Ψ(t)|A |Ψ(t)〉 .
(5)
In the region in which the eigenstates are degenerated,
〈Ψ(t)|A |Ψ(t)〉 =
∑
ijαβ
C∗iαCjβe
−i(Ei−Ej)t 〈Eiα|A |Ejβ〉 ,
(6)
where the indexes α and β run over positive and nega-
tive values of the symmetry S, and Ciα = 〈Eiα| Ψ(0)〉.
The long-time average is obtained by supressing all the
oscillatory terms, and therefore
ρeq =
∑
iα
|Ciα|2 |Eiα〉 〈Eiα|+
∑
iαβ
CiαC
∗
iβ |Eiα〉 〈Eiβ| .
(7)
On the contrary, in the region without degeneracies ρeq
reduces to the usual diagonal ensemble [5]. Note that in
numerical calculations a criterion is needed to determine
when the two levels of a doublet are degenerated and ρeq
must be calculated as in Eq. (7), instead of following the
diagonal approximation. To avoid ambiguities, in all our
numerical results we have considered that degeneracies
exist until the semiclassical critical energy Ec is reached.
Small quantitative differences can be observed when us-
ing other criteria, but the qualitative behavior remains
the same.
iv) Finally, study the results for Tr [ρeqO] in terms of
the energy of the final state.
In Fig. 2 we plot Tr [ρeqO] for BH with λf = −7 (upper
panel), LMG with λf = 0.7 (middle panel), and D with
λf = 0.75 (lower panel), in terms of the reduced energy
e = ε(Ef − Ec)/Ec and for three different system sizes.
In all the cases Ef and Ec represent excitation energies.
As the spectrum of D is not bounded from above, we take
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FIG. 2. Order parameter O for BH (top), LMG (middle) and
D (bottom), in terms of the reduced energy e = ε(Ef−Ec)/Ec
and different system sizes, small (circles), medium (boxes) and
large size (triangles) (see main text for details).
ε = 1 for this case; thus e is equivalent to the reduced
temperature t = (T−Tc)/Tc of thermal phase transitions.
On the contrary, the specra of BH and LMG are bounded
from above and the link to the reduced temperature is
not so clean. In consequence a scaling parameter ε 6= 1
has been used just to make easier the visual comparison
between the three models. We have considered ~ = 1,
J = 1 for BH, and ω0 = ω = 1 for D, N = 500, 2000
and 8000 particles for BH and LMG, and N = 16, 32
and 64 for D, since it requires much more computational
resources.
The behavior of the expected value of the observables
plotted in Fig. 2 clearly recalls the corresponding to
the order parameter of a phase transition. The expected
value of O changes from non-zero in the ordered phase to
zero in the normal one, and the more particles we con-
sider the more sudden change of O close to the critical
energy is observed. We remark that the behavior of D
is smoother because it is obtained with a much smaller
number of particles, and that the ordered-phase happens
for e < 0 in both LMG and D, whereas for e > 0 in BH,
due to the attractive value of the interaction correspond-
ing to the λf chosen for this model.
Critical exponents and finite-size scaling.- An exhaus-
tive study of the order parameter near the critical energy
is mandatory to determine if the behavior plotted in Fig.
2 is the signature of a phase transition. Borrowing the
language of second-order thermal phase transitions, we
postulate that the trend of Tr[ρeqO] is universal around
Ec, being each system characterized by a critical expo-
nent β, Tr[ρeqO] ∝ |E − Ec|β , for E ∼ Ec. To obtain
an estimate of this exponent for all the three models, we
profit from the finite-size scaling of the critical energy.
For a finite system of size N , the finite-size precursor of
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FIG. 3. Expected value of the order parameter O at E = E
(N)
c
for D (top), BH (bottom, blue) and LMG (bottom, red) in
function of the number of particles N . Inset of the bottom
panel displays the scaling of E
(N)
c for BH (blue) and LMG
(red) in function of N .
Model ζ ν β
BH (0.107 ± 0.005) (1.07± 0.04) (0.100 ± 0.004)
LMG (0.109 ± 0.005) (1.02± 0.04) (0.107 ± 0.004)
D (0.21± 0.01) (1.30± 0.02) (0.162 ± 0.008)
TABLE I. Critical exponents ξ, ν, and β for BH, LMG and
D. Exponent ν for D is taken from ref. [6].
the critical energy E
(N)
c scales as
∣∣∣E(N)c − Ec
∣∣∣ ∝ N−ν .
So, at E = E
(N)
c a finite-size scaling relation holds,
Tr[ρeqO]E=E(N)c ∝ N
−ζ, (8)
where ζ = νβ. In Fig. 3 we represent the results in
double logarithmic scale as a function of the size system
N . The linear fit is also represented; its slope is directly
the critical exponent ζ. The inset displays the behavior
of |E(N)c −Ec| in order to obtain ν for LMG and BH (see
[6] for a calculation in the Dicke model). The resulting
critical exponents are summarized in Tab. I. We note
that not all the possible sources of error have been taken
into account. For example, changing the semiclassical Ec
by the finite-size precursor E
(N)
c in the calculation of ρeq
entails small quantitative changes in Tr[ρeqO]. As it is
needed an extra and very specific work to evaluate the
importance of all these factors, the results of Tab. I have
been obtained following exactly the same criterion. So, it
is reasonable to assume that all the uncontroled sources
of error affect equally to the three models, and thus a
quantitative comparison between them is possible. In any
case, the errorbars should be interpreted with caution.
These results entail two appealing outcomes. First, the
neat power-law scaling shown in Fig. 3 clearly suggest
that the qualitative change of ρeq at the critical energy
Ec constitutes a phase transition. In all the three models,
Tr[ρeqO] at E = E(N)c goes to zero as the thermodynam-
ical limit is approached, following the same kind of scal-
ing of second-order thermal phase transitions. Second,
the results summarized in Tab. I allows us to conjec-
ture that BH and LMG belong to the same universality
class, as both β and ν exponents are compatible. On
the contrary, results for D are significantly different, and
thus we can also conjecture that this model belongs to
a different universality class. This agrees with the fact
that both BH and LMG have just one semiclassical de-
gree of freedom and are thus integrable, whereas D has
two semiclassical degrees of freedom and manifests chaos.
So, the same kind of non-thermal quantum phase transi-
tion takes place in all these three models, but the precise
behavior of the order parameter near the critical energy
depends on the complexity of their dynamics.
Conclusions.- In this Letter we report a non-thermal
quantum phase transition due to the non-thermal na-
ture of the equilibrium states of a certain class of iso-
lated quantum systems. This phase transition takes place
when some work is performed on a system with a global
symmetry S, provided that the system remains isolated
from the environment and the symmetry is broken in the
initial state. It entails an abrupt change in the equilib-
rium state at a certain critical energy, as a consequence
of the extra conserved quantities of the Hamiltonian; so,
it does not happen if the system is put in contact with
a thermal bath. We have shown this phenomenon in
three two-level quantum systems. We have found good
order parameters which characterize the different phases
—their averages in the equilibrium states are zero in nor-
mal phase, and non-zero in the ordered phase, where the
symmetry is broken. We have also defined a set of criti-
cal exponents that characterize the behavior of the order
parameters close to the critical energy. We have obtained
an estimate of these exponents, from which we have con-
jectured that Lipkin-Meshkov-Glick and Bose-Hubbard
models belong to the same universality class, while Dicke
model belongs to a different one.
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